After an argument to fix an arbitrary parameter characteristic of the pscucloscalar pion theory, the relation between the charged pion decay and the nucleon fl-decay is discussed in connection with the elementarity of the pion, within the framework of the elastic unitarity model of n-p scattering. The form factor and the vertex function for the pion decay are expressed in compact forms in terms of the pion propagator and Z (s). When the pion is elementary, the unsubtracted dispersion relation holds for the fl-decay amplitude of n-J5 pair in the 1 S 0 state, even if the proportionality (npJa~~,J:~,AJO)=(nJ5l¢,.lO> is not satisfied. The relations obtained from the proportionality hypothesis and from the unsubtracted dispersion relation for the decay vertex coincide with each other when Z 3 of the pion tends to zero.
Since the pioneering works of Goldberger and Treiman/) the relation between the nucleon p-decay and the charged pion decay has been investigated from various standpoints, especially from Lagrangian theoreticaP), 3 l and dispersion theoretical points of view. 4 l~lo) In these days, the proportionality hypothesis between the pion field and the divergence of the weak axialvector current, which was proposed by Cell-Mann and Levy 3 l as a candidate for deriving the GoldbergerTreiman (G-T) relation, 1 l is applied to the derivation of various sum rules by combining it with the commutation relations between currents.
l
However, the theoretical understanding of the weak interactions of nucleons and pions seems to require further study.
In this paper we investigate the relation between the charged pion decay and the nucleon p-decay in connection with the elementarity of the pion, within the framework of the elastic unitarity model of n-]5 scattering. Although our argument based on the elastic unitarity model is a limited one, we can treat exact solutions, which serve to criticize intuitive arguments about more general situations, and we may generalize some of our results to the rnultichannel case.
The elementarity of the pion was discussed by Ida 12 l in the elastic unitarity model, but an unknown parameter was left unsolved in his theory. On the other hand, it is shown by Goldberger et al. 13 l that at s=O, the \S' 0 partial wave is related to other partial waves. Therefore, in the dispersion relation for the 1 S 0 partial wave, we treat the value of the amplitude at s=O and the left-hand cut discontinuity as given information. \Ve discuss this point and summarize the theory of the elementarity in ~ 2.
In § 3, exact solutions for the annihilation amplitude of the n-p pair in the
So state into lepton pairs are given and the dispersion relation for them are examined. When the pion is elementary, the unsubtracted dispersion relation for the annihilation amplitude, which is adopted by Bernstein et al., 5 l may still hold, even if the proportionality hypothesis due to Gell-Mann and Levy 3 l is not satisfied. In § 4, the dispersion relation for the decay form factor is studied.
The form factor is expressed in a compact form in terms of the propagator and z-l (s). In ~ 5, the one-pion irreducible part of the annihilation amplitude is obtained and the dispersion relation for the decay vertex is examined. The decay vertex is expressed in a compact form in terms of Z(s). Both the proportionality hypothesis and the unsubtracted dispersion relation for the decay vertex give the same relation between the p-decay and the pion decay constants, only if z3 of the pion vanishes.
Throughout this paper, we treat the weak interaction in lowest order and neglect all electromagnetic corrections. We also assume that in this approximation the weak leptonic current is local and directly coupled to the hadron current via V-A type. We write the Feynman amplitude for the neutron-antiproton scattering as
where P1 and P2 are the initial and final four-momenta of the neutron, ]5 1 and P2 are those of the antiproton, respectively. The F's are functions of the scalars s, t and u given by
We consider the partial wave amplitude in the 1 ,S 0 state defined as
and M is the nucleon mass. We have
It is to be noted that T(O) is independent of FP, since FP is regular at s=0. 13 ) When we confine ourselves to the elastic unitarity approximation and treat the left-hand discontinuity v (s) of T(s) as given, we may solve T(s) by the N/D method. As the simplest solution, which we denote by T 0 (s) =N 0 (s)/D 0 (s), we adopt the solution satisfying the following set of equations :*)
where L denotes the left-hand cut. We have introduced T (0) in the simplest solution because the contribution of FP to the left-hand discontinuity does not affect the value of T(O). It is shown by Goldberger et al.
13
) that T(s) is related to other partial waves at s = 0 by
where h 0° (s) = T (s) / 4n and the notation of reference 13) is used. This condition may be taken to determine T(O) from the other partial waves.
14 )
(ii) Classf:fication of the pion Now we discuss the elementarity of the pion which appears as a particle pole in T(s), in the elastic unitarity model. The amplitude T(s) can be written as where f1 and g are the mass and the coupling constant of the charged pion.
According to the classification of the pion by Ida 12 > in terms of the asymptotic behaviour of the spectral function of the propagator, the number of free parameters contained in T (s) is larger by one in every case than that in the scalar theory. On the basis of the preceding discussions, we treat T (0) together with v (s) as given inputs. Thus the treatment of the unknown parameter in reference 12) is settled. We shall rewrite and summarize the essential results obtained in reference 12) and make a few comments. When T(s) coincides with the simplest solution T 0 (s) =No(s)/D 0 (s) given by Eqs. (5) and (6) (10) we call the pion to be elementary. The functions N(s) and D(s) for the ele-.
mentary case is related to No (s) and Do (s) as follows :
where
(12)
In Eq. (13), s 0 is a possible zero of Do (s). We limit our consideration to the case when Do (s) has at most one zero, for simplicity. Equivalently, No (s) and Do (s) are expressed as where
We can regard K(s) as the form factor with the pion off the mass shell. Then Z(s) is related to the propagator iLl/ (s) by
(,tt 2 
-s)Z(s) and T(s) is the proper vertex function because T(s) =K(s)Z(s). The full am~ plitude T(s) can be written as

T(s) =sT(s)iil/(s)T(s) +U(s),
where the one-pion irreducible part U (s) is nothing but T 0 (s).
In order that there appears no ghost state, the wave function renormalization constant Z 3 defined as Fig. 1 . (s) are written in the form of Eqs. (9) and (10) . These are given by
Even if the pion is composite, we can write T 0 (s) =N(s)jiJ(s) where N(s)
and DN(s) =No(s)so/(so-s),(22)
D(s) =Do(s)o/(so-s).
Further, we can write T 0 (s) = sT (s) iLl/ (s) T (s) -1-U (s), but the dispersion relation for iLl/ (s) needs one subtraction and the quantities T(s) and U(s) cannot be uniquely defined. In general, we may adopt Eqs. (5) and (6) for all the cases. Then, the three cases are characterized by the asymptotic behaviour as s~ oo in the following way: 
In our considerations we have neglected the superelementary case defined 1n reference 12), because we have restricted our consideration to the simple cases where the one-pion irreducible part is given by the simplest solution. 
where J>..A is the strangeness-conserving axial-vector current. It satisfies the following unitarity relation in our elastic unitarity model:
lmf(s) =T*(s)p(s)f(s)O(s-4M
2 ) +!J 2 Fgo(s ;i).
F is the decay constant of the pion which is given by (2qoYI
where q~., is the four-momentum of the pion. As for strong interactions, we confine ourselves to considering the three cases discussed in § 2 and use the
J(. J(inoshila form T(s) =N(s)/D(s) where N(s) and D(s)
are given by Eqs. (9) and (10) for all the cases. Since f(s) has no left-hand cut, we obtain
where P(s) IS a polynomial satisfying the conditions
In the following we shall concern ourselves with the solutions in which P(s) is at most linearly dependent on s, for simplicity. · Then f(s) can be written as
In our approach we do not make use of the Lagrangian formalism, though we treat off-shell quantities such as the form factor and the propagator. We may define the matrix element of the renormalized pion field ¢"' as When R=O, we see that the equation is satisfied for the matrix element between the nucleon pair state and the vacuum. In this case we obtain
which leads to the G-T relation,
Now we write the dispersion relation for f(s). The asymptotic behaviour of f(s) depends not only on P(s), which contains arbitrary parameters of weak interactions, but also 
for all the cases. When , R=-/=0, we may write the once-subtracted dispersion relation 00 
We can rewrite this equation as .s -.s -zc.
Bernstein et al.
5
) proposed the unsubtracted dispersion relation for the annihilation amplitude in order to derive the G---T relation, and they assumed the pole dominance in a sum rule such as Eq. (13) . We mention here that the necessity of the subtraction in the dispersion relation does not necessarily correspond to whether or not g A and F are independently given, because even if R = 0, f(s) can be written in the unsubtracted form for the elementary case. § 4. Dispersion relation for the decay form factor
The decay form factor F(s) with the pion off the mass shell satisfies the unitarity relation
In our elastic unitarity model. As is noted by Barrett and Barton, 
where we have used
Substituting Eq. ( 43) s --;c
( 46) can be satisfied for all the cases except for the composite case with R=/=0. Equation ( 46) can be rewritten as*l 
where Tw(s) 1s the decay vertex function defined. as 
Then we obtain
From Eqs. ( 44) and (59) The asymptotic behaviour of various functions are summarized in Table I, 
